Abstract: Blood viscosity is a crucial element for any computation of flow fields in the vasculature or blood-wetted devices. Although blood is comprised of multiple elements, and its viscosity can vary widely depending on several factors, in practical applications, it is commonly assumed to be a homogeneous, Newtonian fluid with a nominal viscosity typically of 3.5 cP. Two quasi-mechanistic models for viscosity are presented here, built on the foundation of the Krieger model of suspensions, in which dependencies on shear rate, hematocrit, and plasma protein concentrations are explicitly represented. A 3-parameter Asymptotic Krieger model (AKM) exhibited excellent agreement with published Couette experiments over four decades of shear rate (0-1000 s −1 , root mean square (RMS) error = 0.21 cP). A 5-parameter Modified Krieger Model (MKM5) also demonstrated a very good fit to the data (RMS error = 1.74 cP). These models avoid discontinuities exhibited by previous models with respect to hematocrit and shear rate. In summary, the quasi-mechanistic, Modified-Krieger Model presented here offers a reasonable compromise in complexity to provide flexibility to account for several factors that affect viscosity in practical applications, while assuring accuracy and stability.
Introduction
Mathematical simulations of blood flow require an appropriate constitutive model that accurately reflects its unique rheological properties, namely, shear thinning and the influence of hematocrit and plasma proteins. Several models of blood viscosity have been introduced over the past six decades, however most have focused on the shear thinning property (see Tables 1 and 2 ). Only a few models explicitly represent the mathematical dependence on hematocrit and protein concentrations. The latter property is important for simulating rheological anomalies that may occur in disease. The former property is important to account for the effect of hemodilution or hemo-concentration, as well as the non-uniform distribution of red blood cells in several situations, such as capillary tubes [1] , plasma skimming [2] , bifurcations [3] , rotary blood pumps [4] , and sudden expansions [5] [6] [7] . Several of the models presented in Tables 1 and 2 exhibit mathematical discontinuities with respect to shear rate and/or hematocrit. This study therefore investigates a quasi-mechanistic approach to explicitly account for a wide range of shear rate, hematocrit, and protein concentration to provide a convenient, rational viscosity model that is applicable to a broad range of conditions. The foundation of this work is the classical Krieger model for the viscosity of suspensions that accounts for volume fraction and the viscosity of the medium. [9] η = [η 0 + η 1 ϕ − η 2 ϕ 2 + η 3 ϕ 3 ]P -X ---/X X (2) Power-Law [8] η = k
Generalized Power-Law [10] 
Walburn-Schneck (WS) [11] η = C 1 exp(C 2 ϕ) · exp(C 4 (TPMA/ϕ 2 ))
Asymptotic Power-Law η = k
Cross, Modified Cross, Simplified Cross, Carreau, Carreau-Yasuda, Jung et al. [8, 10, 12, 13] 
Powell-Eyring [8] 
Modified Powell-Eyring [10] 
Yeleswarapu [14] 
Quemada [15] η = η pl (1 − 0.5K(ϕ,
γ)ϕ)
Krieger [16] 
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Model

Generalized
Power-Law
[10]
Jung et al.
Modified Carreau 
Factors that Contribute to the Viscosity of Blood
The apparent viscosity of whole blood, as measured using devices based on force or torque balance, may be altered by a variety of factors [19] [20] [21] . The most fundamental contributing factors are plasma viscosity [22] , hematocrit, cell deformability [23] [24] [25] , and aggregability [23] . Plasma viscosity is primarily affected by temperature [26] and the concentration of large molecules such as proteins, lipids, and polysaccharides [22, 27] . Hematocrit can be altered by the hydration status of the individual [28] , changes in the plasma osmotic pressure which affects the size of the red blood cells (RBCs) [29, 30] , the use of volume expanders [20] , diseases like polycythemia [21] or anemias, and other conditions. The deformability of RBCs depends on their size and shape, membrane composition, cytoskeletal structure, temperature [19, 26] (i.e., in the case of hypothermia), intracellular hemoglobin viscosity [31] , rate of erythropoiesis, and cell age [32] . RBC deformability may also be altered by previous cell trauma due to shear exposure [32] . RBC aggregation is affected by concentration of large proteins or macromolecules that can form links between the cells as well as by shear [22, 23] , cell size, shape, and deformability, pH [33] , and plasma osmolality [34] .
Several models have been proposed over the past six decades to account for the shear thinning behavior of blood. Table 1 provides a list of 13 popular models. (Their corresponding coefficients are provided in Table 2 ). These models treat blood as a single continuum in which shear thinning is represented by various regressions of apparent viscosity to experimental data, for example employing polynomial, exponential, logarithmic, and power law functions. The latter is one of the earliest and most commonly employed functions (see Equation (3)). However, it is only accurate over a limited range of shear rate, and therefore must be either re-fit piece-wise for different ranges of shear rate or the coefficients must be replaced by functions of shear rate (for example, Equation (5)). Subsequent models addressed this limitation by introducing a normalized shear thinning function that is scaled according to low-shear and asymptotic viscosities (see for example, Equations (7)- (10)). Various forms of a shear thinning functions have been proposed to improve the accuracy for the intermediate shear rates where the greatest transition occurs. More sophisticated models, such as the Walburn-Schneck (WS) model [11] (Equation (5)), explicitly account for the dependence of hematocrit, temperature, and protein concentration. However since it is also based on a power-law, it is subject to the associated limitations on shear rate, referenced above. The Quemada model [15] (Equation (11)), the Carreau-Yasuda (CY) model presented by Jung et al. [13] (Equation (7)), and the asymptotic viscosity model provided by Guyton [9] (Equation (2)) include hematocrit but not protein concentrations. The latter model also neglects shear thinning.
The Quemada model was shown to exhibit unbounded discontinuities at hematocrit values of 12.2%, 18%, 73.1%, and 85.6%. This is illustrated in Figure 1 for the baseline condition of zero shear rate. Das et al. [18] re-fit one of the coefficients, k o (Hct), in an attempt to make the model continuous, yet a discontinuity still remains for zero shear rate at a hematocrit of 80.4%, which could be problematic for simulation of some pathological conditions such as polycythemia. The elevated viscosity due to the discontinuities at 12.2% and 18% are not as pronounced between shear rates of 1 s −1 to 10 s −1 (not shown in Figure 1 ), while the discontinuities at 73.1% and 85.6% persists up to 80 s −1 . The discontinuity found in the Das version persists well beyond 1000 s −1 ; for example the viscosity at 150 s −1 is 7 times the experimental value. The modified CY model, such as used by Jung et al., [13] and the WS model both exhibit a discontinuity at zero shear rate and the WS model has also a discontinuity at zero hematocrit. Although infinite viscosity could be interpreted as a yield stress, this will prevent the convergence of most numerical schemes except in several simple cases. 10 s −1 (not shown in Figure 1 ), while the discontinuities at 73.1% and 85.6% persists up to 80 s −1 . The discontinuity found in the Das version persists well beyond 1000 s −1 ; for example the viscosity at 150 s −1 is 7 times the experimental value. The modified CY model, such as used by Jung et al., [13] and the WS model both exhibit a discontinuity at zero shear rate and the WS model has also a discontinuity at zero hematocrit. Although infinite viscosity could be interpreted as a yield stress, this will prevent the convergence of most numerical schemes except in several simple cases. In summary, a truly versatile model for blood viscosity should include functional dependence on shear rate, hematocrit, temperature, and plasma protein concentration, and should also be continuous over a wide range of these parameters. In addition, it is advantageous to construct a rational model starting from first principles that represent meaningful physical phenomena.
The Krieger Model of Viscosity of Suspensions
One viscosity model that satisfies the above requirements is the Krieger model, introduced in In summary, a truly versatile model for blood viscosity should include functional dependence on shear rate, hematocrit, temperature, and plasma protein concentration, and should also be continuous over a wide range of these parameters. In addition, it is advantageous to construct a rational model starting from first principles that represent meaningful physical phenomena.
One viscosity model that satisfies the above requirements is the Krieger model, introduced in 1959, based on Eyring's theory of rate processes applied to suspensions of solid spheres [16] . One of its attractive features is the assumption that particles interact in a controlled manner over a finite time frame, which holds irrespective of their shape. However, since some of the mechanisms underlying the interaction of many types of particles are not mathematically characterized, this model has been empirically modified for specific applications, such as suspensions of irregularly shaped particles [35] [36] [37] [38] , deformable particles and emulsions [39, 40] , colloidal suspensions [41, 42] , and even blood [43, 44] .
Adaptation of the Krieger Viscosity Model for Blood
In this study, the Krieger model was modified to include the fundamental features of blood described above. Where possible, mechanistic relations were sought to minimize the need for empiricism. An additional goal was to avoid discontinuities and adverse extrapolative behavior. By replacing the particle concentration in the Krieger model with volume packing fraction, as described by Bowen [45] , we can substitute hematocrit (Hct) into the equation. Likewise, the viscosity of the suspension medium becomes the plasma viscosity, η pl . The resulting form of the Krieger model becomes:
where Hct* is the volume fraction at which the particles cease to flow, referred herein as the critical hematocrit. The exponent, n is a free model parameter, which in the classic Krieger formulation is a constant calculated from intrinsic viscosity and critical concentration. Theoretically, n is 1.66 for solid spheres, but empirically it has been shown to be closer to 2.0 [46] . To account for the unique properties of blood, this coefficient will be replaced below by a function of shear rate and hematocrit. Although Equation (13) no longer appears in the classic form, it is consistent with its later usage [36, [47] [48] [49] . The three parameters of the Krieger model η pl , Hct* and n, can be identified independently and are described in the following three sub-sections.
Plasma Viscosity
The plasma viscosity is primarily determined from the concentration of large molecules [LM] and temperature. Proteins, polysaccharides, and large lipids can all be considered large molecules, and so can additives such as Dextran commonly used to alter the shear stress when conducting experiments in vitro. Plasma viscosity can thus be expressed through linearization as:
where α is the proportionality constant (e.g., 2 cP/g% for fibrinogen [24] ), and the bar indicates a reference value, assumed here to be the typical values for a normal, healthy individual. The units of LM can depend on the species, but are typically in g% or mg%. It should be cautioned that the linearization does not necessarily hold over a wide range. For example, a regression to the data of Wells et al. shows that α reduces to 0.51 cP/g% when the fibrinogen concentration reaches 2 g%.
The relationship for the temperature dependence of a viscous fluid is:
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where T is the absolute temperature, a and b are material constants, and the bar again implies a reference value. This model is only valid for fluids within the neighborhood of the reference temperature. Based on regression to data from Snyder for plasma, the exponent, b t was determined to be 5.95 for temperatures between 10 • C and 40 • C. The combination of Equations (14) and (16) yields a final expression for plasma viscosity:
Normal plasma viscosity of a healthy individual has been reported within the range 1.10 cP to 1.35 cP. For the remainder of this study, a nominal value of 1.23 cP is used.
Critical Hematocrit
Hct* is the theoretical volume fraction at which red blood cells cease to behave as a fluid. This condition is equivalent to the mixture becoming a porous media which can sometimes behave as an elastic solid as well. Chien determined experimentally that blood concentrated to 98% Hct could continue to flow in a viscometer. It was however difficult to concentrate the blood further due to the limits of centrifugation. Therefore Hct* is believed to be in the range of 98% to 100% for normal blood. Using logical constraints on volume fraction, we therefore assumed Hct* to be 99% ± 1%. However, we acknowledge that decreased RBC deformability would reduce this value; in the extreme case of glutaraldehyde hardened cells, Hct* could be as low as 58%-60%. To assure that errors in specifying Hct* would not significantly alter the other parameter values, a sensitivity study for the best-fit model parameters was performed for a range of Hct* between 96% and 100%.
Krieger Exponent and Shear Thinning
The shear thinning aspect of blood is governed by disaggregation of RBCs at shear rates (above approximately 11 s −1 ) and the deformation of RBCs for moderate to high shear rates (between 10 s −1 and 150 s −1 ). Above this range, blood can be considered Newtonian. The aggregability of RBCs, in turn, is dependent on the concentration of plasma proteins, especially large molecules like fibrinogen and Dextran, the hematocrit, as well as the size, shape, and rigidity of RBCs [6, 7, 27] . The functional dependence of deformability includes the rigidity of the RBC as well as the hematocrit-since greater packing requires more net energy to deform the cells. In addition, the shear thinning behavior of blood only becomes significant above a specific hematocrit, therefore the Krieger exponent would lend itself to a piecewise definition:
where Hct is a threshold below which shear thinning is not observed, n ∞ contributes to the asymptotic viscosity and n st refers to the shear thinning component. Rheometric data reported by Brooks et al.
[50] exhibits negligible shear thinning for a hematocrit of 12.6% therefore Hct was chosen conservatively to be 20%. Regression to these experimental data yielded an exponential dependence of n ∞ on Hct:
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The exponent n st was further decomposed into the respective contributions of RBC aggregation and deformability:
n st = n agg + n def (20) Regression to the data of Brooks [50] showed that each of these components can be represented by power-law functions, therefore: (21) where β and ν are empirical coefficients and γ is a non-dimensional form of shear rate, introduced by Carreau and Yasuda [8] :
where λ is a proportionality constant having units of time and ν g is traditionally 2.0. This form assures that n st remains bounded at zero shear rate. Although an unbounded zero-shear viscosity has been proposed as a method for modeling yield stress, this discontinuity creates numerically instability and may be better represented through an explicit term in the constitutive law. Due to the limited size of the data set, it was more convenient to combine the components of shear thinning into a single power-law function [8] :
The dependence of β on fibrinogen concentration [fg] was represented based on steady states kinetics for saturating systems, constrained such that aggregation vanishes as [fg] approaches zero:
where B 1 and B 2 are model constants. A Hill model would also be feasible for predicting saturation. The equation can be extrapolated to other molecules through addition of an identical term for each species considered.
Model Evaluation
Parameter Estimation
Two modified Krieger viscosity models were considered: (1) an asymptotic Krieger model (AKM) having 3 parameters with an asymptotic viscosity per Equation (19) ; and (2) a modified Krieger model having 5 parameters (MKM5) incorporating shear-thinning (i.e., combining Equations (18), (19) , (22) and (23)) using constant values for β and ν. These models were fit to the viscosity data published by Brooks et al. [50] with seven values of hematocrit: 8.25%, 12.6%, 28.7%, 35.9%, 48%, 58.9%, and 67.4%, over a shear range of 0.4 s −1 to 700 s −1 . (Unless specifically noted, these data were used for all subsequent fits). ANOVA was used to determine the statistical significance and validity of each model constant and to ensure that each contributes to the model and is not simply an additional degree of freedom. These models were also compared with the Quemada model for a more qualitative assessment of fit and to demonstrate the relative order of the root mean square (RMS) error. The effect of hardening cells on the Krieger exponent n was investigated using data from Chien et al. [23] for hematocrits of 13%, 26%, 37%, 44%, 49%, 53%, and 56%. Additional coefficients, namely β agg , ν agg , β def , ν def , λ agg , λ def , B 1 , and B 2 , were found for the specific case of 45% hematocrit using additional data from Chien et al. using canine blood. 
Sensitivity Study
A sensitivity study was performed on the viscosity models using fully-developed, steady-state Poiseuille flow with the Navier-Stokes equations for a generalized Newtonian fluid, wherein the governing equations simplify to:
with u z (r = R) = 0 at the wall, assuming a no-slip condition and u r (r) = u θ (r) = 0. The tube radius, R, was selected to be 0.6 cm. Flow was simulated at three different flow rates, 0.06 L/min, 0.6 L/min, and 6 L/min, equivalent to wall shear rates from approximately 6 s −1 to 600 s −1 . For the purpose of the sensitivity study, the Reynold's number was limited to the laminar regime (<2500), so that turbulence could be neglected. Equation (25) was numerically solved on a computer workstation using a first-order backwards-difference numerical scheme. The finite difference code was validated using the exact solutions to a Newtonian fluid and the power-law fluid. The solution was evaluated for four bulk hematocrits (20%, 40%, 60% and 75%), assuming a uniform Hct profile. An additional sensitivity study was performed assuming a parabolic hematocrit field:
where Hct is the bulk hematocrit, equivalent to the uniform cases. Three pressure gradients were prescribed to simulate two extreme conditions (dp/dz = −1.0 and −25 dyn/cm 3 ) and a nominal condition (dp/dz = −10). The velocity profile resulting from the modified Krieger, Quemada, and the modified Carreau models were compared for each case. Table 3 for parameters). The model with the worst fit to these data was the asymptotic Quemada model (RMS = 2.20 cP) followed by the Quemada model (RMS = 1.36 cP), and the Krieger model assuming n = 2, the value for solid spheres (RMS = 1.22 cP). The AKM showed a significant improvement (p << 0.0001) with the root mean square (RMS) of the residual = 0.212 cP and R 2 = 0.99. In addition, the 95% confidence intervals for the coefficients was less than 15%, indicating an overall goodness of fit and independence of coefficients. The AKM was least sensitive to the parameter b, as a 10% change in that parameter resulted in a 35% increase in the RMS value when compared to a and c, which resulted in a 376% and 200% changes respectively. In addition, the 95% confidence intervals for the coefficients was less than 15%, indicating an overall goodness of fit and independence of coefficients. The AKM was least sensitive to the parameter b, as a 10% change in that parameter resulted in a 35% increase in the RMS value when compared to a and c, which resulted in a 376% and 200% changes respectively. n/a n/a β n/a n/a 8.23 (7.85-8.60) n/a n/a n/a λ n/a n/a 108 (106-110) 136 (120-152) n/a n/a ν n/a n/a 0.134 (0.122-0.146) n/a n/a n/a n/a n/a β n/a n/a 8.23 (7.85-8.60) n/a n/a n/a λ n/a n/a 108 (106-110) 136 (120-152) n/a n/a ν n/a n/a 0.134 (0.122-0.146) n/a n/a n/a b 1 n/a n/a n/a −9.11 −(10.7-7.48) n/a n/a b 2 n/a n/a n/a 13.0 (12.2-13.9) n/a n/a n 1 n/a n/a n/a 0.180 (0.090-0.269) n/a n/a n 2 n/a n/a n/a −0.170 −(0.304-0.035) n/a n/a n 3 n/a n/a n/a 0.124 (0.073-0.174) n/a n/a β agg n/a n/a n/a n/a 4.27 n/a λ agg n/a n/a n/a n/a 24.1 16.0 ν agg n/a n/a n/a n/a 0.380 0.0895 β def n/a n/a n/a n/a 4.36 n/a λ def n/a n/a n/a n/a 5.44 n/a ν def n/a n/a n/a n/a 0.120 n/a B 1 n/a n/a n/a n/a n/a 6.26
Results
n/a n/a n/a n/a n/a 5.54
The AKM coefficients were also fit to data for rigid cells (e.g., hardened by glutaraldehyde) and resulted in an RMS of 10.7 cP and an R 2 value of 0.997 (See Table 3 ). All three coefficients were altered: a was reduced by 29%, b was reduced by almost an order of magnitude, and c changed in sign causing N to increase exponentially. The optimal critical hematocrit was 58.5% ± 0.8% which agrees well with the value predicted by Carr and Cokelet [24] . It was also found that the AKM model for the hardened cells showed significant (p < 0.0005) improvement vs. the constant-n model, confirmed by the corrected Akaike information criterion δAICc = −50.0. Figure 3 provides the fit of apparent viscosity over four decades of shear rate (0-1000 s −1 ) for the MKM5 to the experimental data of Brooks et al. [49] with constant β and ν. It was found that the parameter a (Equation (19)) was not significantly different from 0 (p = 0.17) and was therefore removed from the model, reducing the number of free parameters to five. It was also shown that ν g did not vary significantly from the commonly used value of 2 (p = 0.79; δAICc = 3.7). The RMS error was 1.74 cP with an R 2 value > 0.98. The maximum absolute error occurred at the shear rates of 1 s −1 and Hct of 67.4%, while the maximum percent error occurred at a shear rate of 17 s −1 and a Hct of 8.25%. The 95% confidence intervals for the model parameters were 11.3% for the parameter c. The 5-parameter modified Krieger model MKM5 was least sensitive to λ, as a 10% change in λ resulted in only a 19.5% increase in the RMS value, while similar deviations resulted in changes greater than 80%. The modified Krieger model showed similar accuracy as the Quemada model, despite fewer parameters (RMS error = 1.74 vs. 4.07). Both models showed similar accuracy for low hematocrit (<25%). The modified Krieger model showed better overall fit for moderate hematocrit values when compared to the Quemada model, with the opposite trend for high hematocrit (>55%). The R 2 value for the Quemada model was 0.914. The initial form of the MKM5 allowed the shear-thinning behavior due to aggregability to be treated independently from the effect of cell deformation. This is illustrated in Figure 4 which shows the viscosity function consisting of Equations (18)- (22) . The values for β were within 3% when comparing aggregation to deformation; but the values for relaxation time (λ) and the exponent (ν) differed by factors of 5 and 4 respectively. The relationship of fibrinogen and the low shear viscosity is illustrated in Figure 5 . The optimal values for parameters B 1 and B 2 are provided in Table 3 .
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Sensitivity Study of Shear Thinning Behavior in Tube Flow
The solution for fully-developed flow in a tube having a radius of 0.6 cm, using a hematocrit of 40%, for the three pressure gradients studied resulted in flow rates of 0.06, 0.6, and 6.0 L/min. The mesh spacing was approximately 1.4 pm (pico meters), corresponding to approximately 500 × 10 6 elements. All three results exhibited the expected velocity blunting phenomenon, which was considerably more pronounced at low flow rate (Figure 6a ) compared to high flow rate (Figure 6b. ) Irrespective of the flow rate, the MKM5 and Quemada models were very similar, with a maximum Figure 5 . The effect of fibrinogen concentration on the viscosity of 45% canine blood at a temperature of 37 • C. Comparison of experimental data from Chien [23] with the modified Krieger model.
The solution for fully-developed flow in a tube having a radius of 0.6 cm, using a hematocrit of 40%, for the three pressure gradients studied resulted in flow rates of 0.06, 0.6, and 6.0 L/min. The mesh spacing was approximately 1.4 pm (pico meters), corresponding to approximately 500 × 10 6 elements. All three results exhibited the expected velocity blunting phenomenon, which was considerably more pronounced at low flow rate (Figure 6a ) compared to high flow rate (Figure 6b. ) Irrespective of the flow rate, the MKM5 and Quemada models were very similar, with a maximum difference of centerline velocity less than 1%. The modified Cross model (used by Jung) showed more blunting than both the modified Krieger (MKM5) and Quemada models for all three conditions. Similar results were found when varying the bulk hematocrit, but differences were found to be greater (maximum differences 4%). The introduction of a parabolic hematocrit profile to each of the three models demonstrated a more pronounced blunting effect on the velocity profile (see Figure 7) . For the high-flow case (not shown) the centerline velocity was reduced by 36% compared to the Newtonian profile, and 25% compared to the MKM5 shear-thinning model with uniform Hct. 
Discussion
Increasing reliance is being given to numerical simulation in the development of medical devices and evaluation of vascular diseases. Consequently, the accuracy of blood flow simulations has undergone increased scrutiny. Most simulations are performed using an asymptotic viscosity for blood (approximately 3.5 cP), based on the assumption that shear rates are sufficiently great to neglect shear thinning, and thereby allowing the use of the Navier-Stokes equations. Although asymptotic viscosity is acceptable for evaluating flows in simple geometries under certain circumstances, errors of up to 18% have been reported in complex geometries that feature regions of recirculation and/or pulsatility. Figure 6 shows that even at very high shear rates (>500 s −1 ) velocity profile blunting due to shear thinning is still observable in tube flow. The consequence of these errors propagates into the calculation of derived quantities of interest, such as shear stress, hemolysis, and transport of leukocytes, platelets, and various chemical species. Moreover, the asymptotic blood viscosity is not a universal constant. It depends on several blood parameters (hematocrit, plasma viscosity, and RBC 
Increasing reliance is being given to numerical simulation in the development of medical devices and evaluation of vascular diseases. Consequently, the accuracy of blood flow simulations has Fluids 2017, 2, 10 13 of 17 undergone increased scrutiny. Most simulations are performed using an asymptotic viscosity for blood (approximately 3.5 cP), based on the assumption that shear rates are sufficiently great to neglect shear thinning, and thereby allowing the use of the Navier-Stokes equations. Although asymptotic viscosity is acceptable for evaluating flows in simple geometries under certain circumstances, errors of up to 18% have been reported in complex geometries that feature regions of recirculation and/or pulsatility. Figure 6 shows that even at very high shear rates (>500 s −1 ) velocity profile blunting due to shear thinning is still observable in tube flow. The consequence of these errors propagates into the calculation of derived quantities of interest, such as shear stress, hemolysis, and transport of leukocytes, platelets, and various chemical species. Moreover, the asymptotic blood viscosity is not a universal constant. It depends on several blood parameters (hematocrit, plasma viscosity, and RBC deformability) that vary from person to person. Micro-scale flow, such as in micro-fluidic devices or small arterioles may introduce inhomogeneity of hematocrit (e.g., due to plasma skimming), and therefore in these situations it is advantageous to employ a hematocrit-dependent formula for viscosity. Recent interest in pediatric medical devices, cryogenic surgery, the use of drag reducing polymers, plasma dilution, and other areas of study can also benefit from a viscosity model of blood that can accommodate localized variations in hematocrit, temperature, and/or protein concentration.
The Krieger model of viscosity of particulate solutions was used as the basis for the present model, and was modified to account for shear thinning, hematocrit dependence, and other influences on the viscosity of blood, including temperature, fibrinogen concentration, and red blood cell deformability. This approach strikes a balance between a purely empirical regression to data vs. a micro-mechanistic model that accounts for fluid-solid interactions and collisions between cells. Although Krieger derived his model based on the assumption of rigid spheres, its fundamental premise is Eyring's theory of rate processes which is valid for any particles that interact with each other in a finite manner. Therefore, it is reasonable to believe that the Krieger model should still reliably hold for blood, albeit with a different exponent. Because the Krieger model is based on well-established theory of particulate suspensions, it has an additional advantage over empirical models is that extrapolation outside the experimental range of the data poses less risk of error-such as the discontinuities exhibited by the other models in Figure 1 .
A 5-parameter modified Krieger model, MKM5, showed a similar RMS accuracy when compared to the viscosity model of Quemada despite requiring 7 fewer parameters. The MKM5 also demonstrated improved accuracy over the physiological range of hematocrits (30%-50%) when compared to the Quemada model (It is worth noting the Quemada model was also the assumption of a particulate solution). Simulations of blood flow in a tube using the MKM5 model exhibited anticipated behavior: velocity profile blunting at low shear rates that became less pronounced at higher shear rates. The shear thinning behavior likewise increased with increasing hematocrit.
The effect of inhomogeneity of hematocrit is often neglected when simulating blood flow. The potential for error was illustrated in this study in Figure 7 for the case of blood flow in a tube. This prompts caution when simulating flow in vessels or channels of small diameter, as well as disturbed flow, small gaps such as the occluder of a prosthetic valve, or blade tips of a rotodynamic blood pump [4] , and even Couette devices . In the current study, the hematocrit profiles were explicitly prescribed. In practice, they could be supplied directly from experimental measurements or from computations using a multi-phase constitutive model of blood.
Although the current model includes explicit functional dependence on several of the most relevant variables used in blood rheology (hematocrit, plasma protein concentration, temperature, and shear rate), additional functional dependence could potentially be introduced to make it more versatile. For example, the shear thinning coefficients β and ν could be replaced by functions that are explicitly dependent on hematocrit, such as the following Taylor expansions: (27) and ν(Hct) = n 1 Hct 2 + n 2 Hct + n 3 (28) where b 1 , b 2 , n 1 , n 2 , n 3 are empirical constants. This would result in a 9-parameter modified Krieger model (MKM9). Yet additional coefficients would be needed to explicitly include the influence of red blood cell deformability on high-shear viscosity and aggregability on low-shear viscosity. Although these effects are non-negligible, they would require a rather extensive set of experiments, in the manner described by Chien et al. [23] , to identify the functional relationships. These properties are also inter-dependent, since RBC aggregation is affected by RBC deformability and shape, as well as the concentration of fibrinogen and other large molecules. RBC shape, in turn, could include functional dependence on the osmolarity of plasma (or suspension medium in vitro) and temperature. In summary, the number of parameters needed to account for all known dependencies and inter-dependencies can quickly become unwieldy with respect to the quantity of experimental data needed to identify them uniquely, and avoid over-fitting. Therefore, it is logical to limit the complexity of the model to those factors that are relevant for a given application. It is also important to realize that the addition of independent variables may lead to a completely different set of coefficients. For example, a regression of the high-shear, asymptotic viscosity of blood n ∞ to the associated asymptotic data ( Figure 2 ) yielded a different set of parameters (a = 1.7, c = 6.06) than when the full model was fit to the full set of data (Figure 3 ), (a = 0.0, c = 2.87.) This is also illustrated for Equation (7) in Table 1 where a single equation represents six different models with drastically different parameters (Table 3) .
Conversely, the use of reduced order, simplified models may have an advantage of more determinate coefficients. However, such models should be used with caution: considering the relevance of their assumptions to the problem at hand, as well as constraints affecting their accuracy. For example, in the Krieger models presented here, the aggregability and deformability were prescribed for a single hematocrit (Figure 4) , hence coefficients b and c could not be uniquely determined. Another example is the effect of fibrinogen on aggregation as shown in Figure 5 . This case was limited to the range of shear rate of 0.1 s −1 to 5 s −1 , compared to the data sets shown in Figures 2 and 3 where the maximum shear rate was two orders greater. This demonstrates both the limitations of the model, and a call for a richer set of experimental data. Future work should also include validation beyond the simple viscometric flows that were used to calibrate the model. By considering a diversity of practical applications, it would elucidate anomalies introduced by an overly-simplified viscosity model and how they can be corrected by quasi-mechanistic models, such as those presented here.
Conclusions
Mathematical models of blood rheology span a broad spectrum of complexity. Increasing complexity provides benefits in some situations but brings additional costs. The commonly used Newtonian model, employing an asymptotic viscosity, offers computational efficiency and may be perfectly adequate for large scale problems with sufficiently high shear stress. On the other hand, simulations in which the shear rate and/or hematocrit is spatially heterogeneous might demand a more sophisticated model that explicitly accounts for their influence on viscosity. In addition, in states of disease such as diabetes, polycythemia, and cardiovascular disease, additional considerations should be made for abnormalities in blood rheology. The use of medical devices, such as hemodialysis, cardiopulmonary bypass, etc. are also known to alter the mechanical properties of blood. The Krieger models presented here can be considered a practical compromise between a purely empirical fit to data and a fully detailed mechanistic model for situations in which variations in hematocrit, protein concentration, and shear rate are non-negligible.
